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Abstract

We present and analyze an algorithm to measure the structural similarity of generalized trees, a new graph class which
includes rooted trees. For this, we represent structural properties of graphs as strings and define the similarity of two
graphs as optimal alignments of the corresponding property stings. We prove that the obtained graph similarity measures
are so called Backward similarity measures. From this we find that the time complexity of our algorithm is polynomial and,
hence, significantly better than the time complexity of classical graph similarity methods based on isomorphic relations.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we examine the computational complexity of a novel algorithm to measure the structural sim-
ilarity of graphs. Thereby, we deal with a special graph class: directed and hierarchical graphs which we call
generalized trees. There are classical approaches to measure the structural similarity of graphs, e.g., [4,11–
13,20,25]. The typical and classical approach to measure the structural similarity of graphs is based on isomor-
phic relations [11–13,20,25]. For example, Zelinka [25] was the first who measured the distance between
isomorphism classes of unlabeled graphs. The graph similarity measure of Zelinka is based on the principle
that two graphs are more similar the bigger the common induced isomorphic subgraph is. Furthermore Sobik
[20] and Kaden [12] generalized the measure of Zelinka for arbitrary and labeled graphs of different orders.1

The main disadvantage of these graph measures is that the computational complexity is NP-complete [20,23].
Our approach to measure the structural similarity of generalized trees is completely different from similarity or
distance measures which are based on isomorphic relations mentioned above. Our novel similarity measure is
0096-3003/$ - see front matter � 2006 Elsevier Inc. All rights reserved.
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mainly based on a new representation of graphs as strings, whose components represent structural properties
of the graph. We call these strings property strings of a generalized tree. In Section 3, the structural similarity
of two graphs will be defined as the optimal alignment of the underlying property strings. In the present paper
we examine the computational complexity of our algorithm. We want to emphasize, that generalized trees are
more complex than normal directed rooted trees. Therefore this graph class can represent more complex prob-
lems than ordinary trees as demonstrated, e.g., in [26]. In [6], Emmert-Streib et al. showed that our novel
method is applicable to measure the structural similarity of a more general graph type (unweighted and undi-
rected graphs) by a local decomposition of the graph in generalized trees. Due to [6], considering generalized
trees is not necessarily a restriction in terms of generality.

This paper is organized as follows: In Section 2 we give a review of classical graph and tree similarity meth-
ods to distinguish these methods better from our novel method. We repeat in Section 3 the construction of our
graph similarity measures and prove for the first time that there are Backward similarity measures. The exam-
ination of the computational complexity of our method will be presented in Section 4. Section 5 finishes this
paper with a summary.
2. Measuring the structural similarity of graphs

2.1. Preliminaries

In this section we give first some fundamental definitions of graph theory and then review some approaches
to measure the structural similarity of trees and graphs. In order to distinguish trees from generalized trees we
need the following definition.

Definition 2.1. Let H ¼ ðV̂ ;E1Þ be an directed rooted tree. The vertex set V̂ is defined by
V̂ :¼ fv0;1; v1;1; v1;2; . . . ; v1;r1
; v2;1; v2;2; . . . ; v2;r2

; . . . ; vh;1; vh;2; . . . ; vh;rhg;
where vi,j denotes the jth vertex on the ith level, 0 6 i 6 h, 1 6 j 6 ri. h denotes the depth of H and ri is the
number of vertices on level i. The edge set Ê :¼ Ê1 [ Ê2 [ Ê3 [ Ê4 is defined as [16]

• ðÊ1Þ forms the edge set of the underlying directed rooted tree H.
• ðÊ2Þ Up-edges associate analogously vertices of the tree hierarchy with one of their (dominating) predeces-

sor vertices.
• ðÊ3Þ Down-edges associate vertices of the tree hierarchy with one of their (dominated) successor vertices in

terms of that tree hierarchy.
• ðÊ4Þ Cross-edges associate vertices of the tree hierarchy, none of which is an (immediate) predecessor of the

other in terms of the tree hierarchy.

If Ê2; Ê3 or Ê4 6¼ ; then Ĥ ¼ ðV̂ ; ÊÞ is called a generalized tree (Fig. 1).

Definition 2.2. Let H :¼ ðV ;EÞ;E � V � V be an unlabeled, directed graph. G :¼ ðV̂ ; ÊÞ with V̂ � V and
Ê � E denotes the partial graph of H, G �H.

Definition 2.3. Let H :¼ ðV ;EÞ be a directed graph and G :¼ ðV̂ ; ÊÞ be a partial graph of H. Moreover, it
holds Ê ¼ E \ ðV̂ � V̂ Þ. Then we call G the induced subgraph of H.

In the following, we give the definition of graph isomorphism that provides the structural equivalence of
two graphs [21].

Definition 2.4. Let H :¼ ðV ;EÞ and G :¼ ðV̂ ; ÊÞ be directed graphs. We call H and G isomorphic ðH ffi GÞ if
it exists a bijective mapping / : V ! V̂ such that
E 3 ðvi; viÞ : () ð/ðviÞ;/ðvjÞÞ 2 Ê:



Fig. 1. Ĥ1 shows a generalized tree and his edge types fulfills Definition 2.1. In contrast Ĥ2 represents an ordinary directed rooted tree,
which consists only of edges e 2 Ê1. An edge e 2 Ê1 over jumps always just one level, e 2 Ê3 over jumps at least one level, e 2 Ê4 does not
necessarily over jump a level.
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The mapping / is called the isomorphism of H on G. Explaining informally two graphs are isomorphic iff, we
obtain the first graph by renaming vertex labels of the second graph.

For completing this Section we state the definition of directed rooted trees.

Definition 2.5. We call T = (VT,ET) a directed rooted tree iff ET consists only of edges from E1 (see Definition
2.1).
2.2. Classical tree similarity measures

There are known approaches [17,18] to measure the edit distance between strings s1, s2 2 A% on the basis of
string alignments, where A% is an arbitrary alphabet. Since one can consider special types of graphs as a gen-
eralization of the string concept, Tai [22] and Selkow [19] extended the string alignment problem to undirected
and ordered trees. Thereby, we call a tree ordered tree, if the sequence of child vertices v1,v2, . . . ,vd(v) of v 2 VT

is significant, where d(v) denotes the degree of v. Höchstmann et al. [9] provide a method for measuring the
structural similarity of RNA secondary structures representing a forest [9] of ordered trees. In [9] a forest is
defined by a finite sequence of ordered trees. The approach of Höchstmann et al. is based on the tree alignment
technique of Jiang et al. [10]. Further developments and novel applications of tree similarity measures can be
found in [7,15,24].

2.3. Computational complexity of tree similarity measures

Assuming the vertex labeled, ordered trees T1 = (V1,E1), T2 = (V2,E2), the basic tree edit problem [19,22]
can be solved in time OðjV 1j � jV 2j � D2

1 � D2
2Þ, where D1, D2 are the associated maximum depths of T1, T2.

An alternative to tree edit has been stated by Jiang et al. [10]. In [10], Jiang et al. introduced an algorithm
to measure the structural similarity of ordered and undirected trees with time complexity OðjV 1j � jV 2j�
degðT 1Þ � degðT 2ÞÞ, where degðT kÞ :¼ maxðfdðvk

i Þjvk
i 2 V k; k ¼ 1; 2gÞ. The algorithm of Höchstmann et al. [9]

has the time complexity
OðjF 1j � jF 2j � degðF 1Þ � degðF 2Þ � ðdegðF 1Þ þ degðF 2ÞÞÞ:
2.4. Classical graph similarity measures

In this section we do not give a complete review of graph similarity measuring, but we repeat only results
relevant for this paper. First, we give a well-known key result due to Zelinka [25].
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Theorem 2.1. Let H, fH be unlabeled graphs without reflexive2 and multiple edges. Furthermore let

jV j ¼ jeV j ¼ n. SUBmðHÞ denotes the set of induced subgraphs of order m. HH denotes the isomorphism classes

of such graphs in which lie H and let
2 Th
SUBmðHÞ :¼ fHHjH 2 SUBmðHÞg: ð1Þ
SUBmðHÞ is just the set of isomorphism classes in which lie the induced subgraphs of H with order m. Then,
dZðH;fHÞ :¼ n� SIMðH;fHÞ; ð2Þ
is a graph metric, where
SIMðH;fHÞ :¼ maxfmjSUBmðHÞ \ SUBmðfHÞ 6¼ ;g: ð3Þ
Sobik [20] and Kaden [12] generalized this measure for arbitrary (also labeled) graphs of different orders.

Theorem 2.2. Let H :¼ ðV ;E; fV ; fE;AV ;AEÞ be a finite, labeled and directed graph. AV, AE denote finite, non-

empty vertex and edge alphabets and fV : V! AV, fE : E! AE the associated vertex and edge labeling functions.

Now, let H and fH be finite, labeled graphs of arbitrary orders. Then,
dSðH;fHÞ :¼ maxfjHj; jfHjg � SIMðH;fHÞg ð4Þ
is a graph metric.

Fig. 2 shows the situation for determining subgraph isomorphism. Fig. 3 shows the application of Theorem
2.2. A direct application of the similarity measure of Zelinka provides Kaden [12]. Kaden transforms graphs in
line graphs [1] and applies the theorem of Zelinka to the transformed graphs. For example the line graph of an
undirected graph G = (V,E) is defined by G ¼ ðE;EÞ, E :¼ fe; êje; ê 2 E and e; ê are incident in Gg. By iterat-
ing the application of the line graph definition, Kaden obtains the graphs Gm. As a result, it holds

Theorem 2.3. Let Kn be the set of connected graphs of order n. For given 0 6 m < n it holds:
dm
KðH;fHÞ ¼ dSðHm;fHmÞ ¼ maxfjHmj; jfHmjg � SIMðHm;fHmÞg; ð5Þ
is a graph metric on Kn.

Another well-known approach to measure the structural similarity of graphs is due to Bunke et al. [3].

Definition 2.6. We denote as an Optimal Inexact Match a sequence of transformations (insertions, deletions
and substitutions of vertices) which transform H1 to H2 by producing minimal transformation costs.
Assuming m1,m2, . . . ,mn are all possible Inexact Matches between H1 and H2. Then, the Optimal Inexact
Match m 0 is defined by c(m 0) = min{c(mi)j1 6 i 6 n}, where c(mi) denotes the costs of ci.

Theorem 2.4. Let dðH1;H2Þ be the costs for determining the Optimal Inexact Match between H1 and H2.

dðH1;H2Þ is a graph metric.

A thorough overview of graph similarity measures can be found in [4,5].
2.5. Computational complexity of classical graph similarity measures

From the algorithm of Ullman [23] follows that the subgraph isomorphism problem is NP-complete for
general graphs. Then, we receive that the computation of Zelinka’s measure and the generalizations of Sobik
and Kaden are NP-complete. The theorem of Bunke et al. leads us to the same result.
at means edges of the type (v, v) 2 E.



Fig. 2. The graphs G, H, jGj > jHj and H 0 are illustrated as sets.
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Fig. 3. Two vertex labeled directed graphs. The application of Theorem 2.2 yields dS(G1,G2) = 4 � 3 = 1.
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3. Novel approach to measure the similarity of graphs

In this section we repeat our novel approach to measure the structural similarity of generalized trees [6].
Our novel approach is based on the following idea: Transform the underlying graphs into property strings
and then align these strings with a dynamic programming [2] algorithm. Hence, we reduce a graph similarity
problem into a string similarity problem. From the used string alignment technique we obtain similarity mea-
sures which can be computed polynomially in time.

For explaining the construction of our novel method we note that the graphs under consideration – general-
ized trees – can be transformed into property strings in a level oriented way. The property strings are the out-
degree and in-degree sequences on each level of the generalized trees. In order to solve the graph similarity
problem for our graph class we consider the transformations
SĤ1
0 :¼ rĤ1

1 ;

SĤ1
1 :¼ vĤ1

1;1 � vĤ1
1;2 � � � � � vĤ1

i;doutðr
Ĥ1
1
Þ
;

..

.

SĤ1
h1

:¼ vĤ1
h1;1
� vĤ1

h1;2
� � � � � vĤ1

h1;rh1
;

SĤ2
0 :¼ rĤ2

2 ;

SĤ2
1 :¼ vĤ2

1;1 � vĤ2
1;2 � � � � � vĤ2

1;doutðr
Ĥ2
2
Þ
;

..

.

SĤ2
h2

:¼ vĤ2
h2;1
� vĤ2

h2;2
� � � � � vĤ2

h2;rh2
;

representing generalized trees Ĥ1; Ĥ2 together with their induced out-degree and in-degree sequences on a
level i (see also Definition 2.1). It holds rĤk

k :¼ vĤk
0;1 , k 2 {0,1}. The problem of determining the structural sim-

ilarity between Ĥ1 and Ĥ2 is now defined as alignment of the sequences above according to a cost function a.
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In other words: the more similar the out-degree and in-degree alignments on a level i, 0 6 i 6 h are, the more
similar is the common structure of the graphs, and vice versa.

Fig. 4 shows two generalized trees together with their property strings on the graph levels. Now, we can
write the sequences SĤ1

0 ; SĤ1
1 ; . . . ; SĤ1

k ; k 2 f1; 2g in a more compact form
S1 :¼ rĤ1
1 � vĤ1

1;1 � vĤ1
1;2 � � � � � vĤ1

h1;rh1
; ð6Þ

S2 :¼ rĤ2
2 � vĤ2

1;1 � vĤ2
1;2 � � � � � vĤ2

h2;rh2
: ð7Þ
That means we transform the generalized trees Ĥ1, Ĥ2 in sequences S1, S2 which have not nessecarily the
same length. Here, we assume Sk[i] as the ith position of the sequences Sk and it holds S1½n� ¼ vĤ1

h1;rh1
;

S2½m� ¼ vĤ2
h2;rh2

; N 3 n;m P 1; Sk½1� ¼ rĤk
k ; k 2 f1; 2g.

For each possible aligned pair [a,b] a cost function að½a; b�Þ 2 Rþ is assigned, where a, b are sequence entries
of S1 and S2 or the gap symbol �. The algorithm for finding the optimal alignment of the sequences (6) and (7)
produces a matrix ðMði; jÞÞij; 0 6 i 6 n; 0 6 j 6 m, where Mði; jÞ is equivalent to the minimal edit distance

between the sequences eS 1; eS 2. eS 1 and eS2 consist of the first ith, jth characters of S1 and S2. Finally, we are
looking for Mðn;mÞ because Mðn;mÞ is the minimal edit distance
dðS1; S2Þ :¼ min
S1!S2

X
að½a; b�Þ ð8Þ
due to Levenstein [14]. This leads us to the following definition.

Definition 3.1. The recursive algorithm is defined by the following equations:
Mð0; 0Þ :¼ 0; ð9Þ
Mði; 0Þ :¼Mði� 1; 0Þ þ aðS1½i�;�Þ; 1 6 i 6 n; ð10Þ
Mð0; jÞ :¼Mð0; j� 1Þ þ að�; S2½j�Þ; 1 6 j 6 m; ð11Þ

Mði; jÞ :¼ min

Mði� 1; jÞ þ aðS1½i�;�Þ;
Mði; j� 1Þ þ að�; S2½j�Þ;
Mði� 1; j� 1Þ þ aðS1½i�; S2½j�Þ;

8><>: i 2 ½1; n�; j 2 ½1;m�: ð12Þ
By tracing back along the minimal values from Mðn;mÞ to Mð0; 0Þ we find the optimal alignment between S1

and S2. In Section 4 we will analyze the complexity of the graph similarity problem of generalized trees. Start-
ing from this algorithm we construct now similarity functions aout, ain in order to define the final graph sim-
ilarity measures ðdiðĤ1; Ĥ2ÞÞ16i6k. We define:
Fig. 4. Property strings in tuple-form: out-degree and in-degree sequences on the generalized tree levels.
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aout vĤ1
i1;j1
; vĤ2

i2;j2

� �
:¼ bout dout vĤ1

i1;j1

� �
; dout vĤ2

i2;j2

� �
; r1

out

� �
; i1 ¼ i2;

þ1; else;

(
ð13Þ
0 6 ik 6 hk; 1 6 jk 6 rik . Thereby, it holds bout x; y; rk
out

� �
:¼ 1� e

�1
2
ðx�yÞ2

rk
outð Þ

2

; x; y; rk
out 2 R; k 2 f1; 2g, and
aout vĤ1
i;j1
;�

� �
:¼ bout dout vĤ1

i;j1

� �
; n; r2

out

� �
; ð14Þ

aout �; vĤ2
i;j2

� �
:¼ bout n; dout vĤ2

i;j2

� �
; r2

out

� �
: ð15Þ
By defining bin x; y; rk
in

� �
:¼ 1� e

�1
2
ðx�yÞ2

rk
inð Þ

2

we obtain in the same way
ain vĤ1
i1;j1
; vĤ2

i2;j2

� �
:¼ bin din vĤ1

i1;j1

� �
; din vĤ2

i2;j2

� �
; r1

in

� �
; i1 ¼ i2;

þ1; else;

(
ð16Þ

ain vĤ1
i;j1
;�

� �
:¼ bin din vĤ1

i;j1

� �
; n; r2

in

� �
; ð17Þ

ain �; vĤ2
i;j2

� �
:¼ bin n; din vĤ2

i;j2

� �
; r2

in

� �
; ð18Þ
n > 0. The choice n > 0 in Eqs. (14), (15), (17) and (18) prevents an alignment between two leaves being better
evaluated as an alignment between a leaf and a gap. The definitions (13) and (16) of the functions aout, ain state
that we do not align vertices on different levels. To prevent this, we set the gap penalty to +1, whereby our
dynamic programming algorithm will never choose this cost-intensive path. In order to evaluate the align-
ments on each level of the given graphs Ĥ1; Ĥ2, we define the functions
coutðĤk; iÞ :¼
Prk

i
j¼1âout vĤk

i;j ; align vĤk
i;j

� �� �
rk

i
; ð19Þ

cinðĤk; iÞ :¼
Prk

i
j¼1âin vĤk

i;j ; align vĤk
i;j

� �� �
rk

i
; ð20Þ
k 2 {1,2}. Once again, rk
i denotes the upper index of a vertex on level i related to Ĥk. For completing the

definitions (19), (20), we define the mapping align and âout, âin as follows:
align vĤ1
i;j1

� �
:¼ vĤ2

i;j2
; align�1 vĤ2

i;j2

� �
¼ vĤ1

i;j1
;

�; else;

(
ð21Þ

âout vĤ1
i;j1
;�

� �
:¼ bout dout vĤ1

i;j1

� �
; n; r̂1

out

� �
; ð22Þ

âout �; vĤ2
i;j2

� �
:¼ bout n; dout vĤ2

i;j2

� �
; r̂1

out

� �
; ð23Þ

âout vĤ1
i;j1
; vĤ2

i;j2

� �
:¼ bout dout vĤ1

i;j1

� �
; dout vĤ2

i;j2

� �
; r̂2

out

� �
; ð24Þ

âin vĤ1
i;j1
;�

� �
:¼ bin dinðvĤ1

i;j1
Þ; n; r̂1

in

� �
; ð25Þ

âin �; vĤ2
i;j2

� �
:¼ bin n; din vĤ2

i;j2

� �
; r̂1

in

� �
; ð26Þ

âin vĤ1
i;j1
; vĤ2

i;j2

� �
:¼ bin din vĤ1

i;j1

� �
; dout vĤ2

i;j2

� �
; r̂2

in

� �
: ð27Þ
In order to define local similarity functions which weighs out-degree and in-degree sequences on a generalized
tree level, we set
coutðiÞ :¼ 1� 1

r1
i þ r2

i
�
Xr1

i

j¼1

âout vĤ1
i;j ; align vĤ1

i;j

� �� �8<:
9=;þ 1

r1
i þ r2

i
�
Xr2

i

j¼1

âout vĤ2
i;j ; align vĤ2

i;j

� �� �8<:
9=;; ð28Þ
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and
cinðiÞ :¼ 1� 1

r1
i þ r2

i
�
Xr1

i

j¼1

âin vĤ1
i;j ; align vĤ1

i;j

� �� �8<:
9=;þ 1

r1
i þ r2

i
�
Xr2

i

j¼1

âin vĤ2
i;j ; align vĤ2

i;j

� �� �8<:
9=;: ð29Þ
Hence, we obtain measures which indicate how similar the out-degree and in-degree alignments of two se-
quences on a level i are. Now, we get

Corollary 3.1
coutðiÞ; cinðiÞ 2 ½0; 1�:

In order to classify our final graph similarity measures we first express

Definition 3.2. Let U be a set of units and a mapping / : U · U! [0,1]. / is called a Backward similarity
measure if
/ðu; vÞ ¼ /ðv; uÞ 8u; v 2 U ðSymmetryÞ ð30Þ
and
/ðu; uÞP /ðu; vÞ 8u; v 2 U ðBackwardÞ: ð31Þ
Finally, we prove the main result for measuring the structural similarity of generalized trees.

Theorem 3.2. Let Ĥ1, Ĥ2 be generalized trees, 0 6 i 6 q, q :¼ max(h1,h2).
d1ðĤ1; Ĥ2Þ :¼
Pq

i¼0ki � cfinðiÞPq
i¼0ki

; ð32Þ

d2ðĤ1; Ĥ2Þ :¼
Pq

i¼0c
finðiÞ

qþ 1
; ð33Þ

d3ðĤ1; Ĥ2Þ :¼
Qq

i¼0c
finðiÞ

d2ðĤ1; Ĥ2Þ
; ð34Þ
are a family ðdiðĤ1;Ĥ2ÞÞ16i63 of Backward similarity measures, where cfin(i) is defined as
cfinðiÞ :¼ f � coutðiÞ þ ð1� fÞ � cinðiÞ: ð35Þ
Proposition 3.3. It holds ðdiðĤ1; Ĥ2ÞÞ16i63 2 ½0; 1�.

Proof. Starting from Eqs. (32)–(34), Proposition 3.3 follows immediately from Corollary 3.1. h

Proof of Theorem 3.2. To prove we first consider the function
coutðiÞ :¼ 1� 1

r1
i þ r2

i
�
Xr1

i

j¼1

âout vĤ1
i;j ; align vĤ1

i;j

� �� �8<:
9=;þ 1

r1
i þ r2

i
�
Xr2

i

j¼1

âout vĤ2
i;j ; align vĤ2

i;j

� �� �8<:
9=;:
With Eq. (21), it follows that we have to distinguish the three cases for the function âout : âout vĤ1
i;j1
;�

� �
;

âout �; vĤ2
i;j2

� �
; âout vĤ1

i;j1
; vĤ2

i;j2

� �
. We infer by Eqs. (22)–(24) that
âout vĤ1
i;j1
; align vĤ1

i;j1

� �� �
6 1 and âout vĤ2

i;j2
; align vĤ2

i;j2

� �� �
6 1:
Hence, by definition (28) we obtain cout(i) 6 1. The proof cin(i) 6 1 is identical. Since
cfinðiÞ 6 fþ ð1� fÞ ¼ 1;
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we obtain
d1ðĤ1; Ĥ2Þ 6
Pq

i¼0kiPq
i¼0ki

¼ 1: ð36Þ
To prove that d1ðĤ1; Ĥ2Þ is symmetric, we see that
coutðiÞ :¼ 1� 1

r1
i þ r2

i
�
Xr1

i

j¼1

âout vĤ1
i;j ; align vĤ1

i;j

� �� �8<:
9=;þ 1

r1
i þ r2

i
�
Xr2

i

j¼1

âout vĤ2
i;j ; align vĤ2

i;j

� �� �8<:
9=;

¼ 1� 1

r2
i þ r1

i
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âout vĤ2
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Therefore, we conclude from Eq. (32) that
d1ðĤ1; Ĥ2Þ ¼ d1ðĤ2; Ĥ1Þ:
For finalizing the proof for the similarity measure (32), we have to show that
d1ðĤ1; Ĥ1ÞP d1ðĤ1; Ĥ2Þ:
If Ĥ1 ¼ Ĥ2 then, cout(i) = 1, cin(i) = 1 and cfin(i) = 1. Therefore we infer from Eq. (32) that d1ðĤ1; Ĥ1Þ ¼ 1
and see
d1ðĤ1; Ĥ1Þ ¼ 1 P
Pq

i¼0ki � cfinðiÞPq
i¼0ki

¼ d1ðĤ1; Ĥ2Þ;
the Backward property. In the case of similarity measure (33), we have nothing to prove, because if we set
1 = k0 = k1 = � � � = kq in Eq. (32), we obtain Eq. (33). To prove the assertion of the theorem for Eq. (34),
we consider the well-known inequality
ðp1 � p2 � � � pnÞ
1
n 6

p1 þ p2 þ � � � þ pn

n
; pi > 0; 1 6 i 6 n: ð37Þ
Since cfin(i) 6 1, we can apply inequality (37) and get
cfinð0Þ � cfinð1Þ � � � cfinðqÞ 6 ½cfinð0Þ � cfinð1Þ � � � cfinðqÞ�
1

qþ1 6
cfinð0Þ þ cfinð1Þ þ � � � þ cfinðqÞ

qþ 1
:

Especially, we have
1 P ðqþ 1Þ cfinð0Þ � cfinð1Þ � � � cfinðqÞ
cfinð0Þ þ cfinð1Þ þ � � � þ cfinðqÞ : ð38Þ
The symmetry condition is clear, because the expression in the denominator of Eq. (34) is a special case of d1.
The Backward condition follows immediately from Inequality Eq. (38),
1 ¼ d3ðĤ1; Ĥ1ÞP
Qq

i¼0c
finðiÞ

d2ðĤ1; Ĥ2Þ
: �



Fig. 5. Steps of similarity measuring for generalized trees.
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Fig. 5 shows the overall approach exemplarily. In the following Section 4 we analyze the computational com-
plexity of our novel graph similarity measure.
4. Efficiency analysis

To determine the computational complexity, first, we need the following definition.

Definition 4.1. Let V S1;S2
:¼ fði; jÞj0 6 i 6 n; 0 6 j 6 mg be the vertex set and the edge types are

eDel :¼ (i � 1, j)! (i, j), eIns :¼ (i, j � 1)! (i, j), eSubst :¼ (i � 1, j � 1)! (i, j). fES1 ;S2
: ES1;S2

! Rþ denotes the
edge labeling function. The edge set is defined by
ES1;S2
:¼

eDel; i 2 ½1; n�; fES1 ;S2
ðeDelÞ ¼ ½S1½i�;��;

eIns; j 2 ½1;m�; fES1 ;S2
ðeInsÞ ¼ ½�; S2½j��;

eSubst; i 2 ½1; n�; j 2 ½1;m�; fES1 ;S2
ðeSubstÞ ¼ ½S1½i�; S2½j��;

8>><>>:

GS1;S2

:¼ ðV S1;S2
;ES1;S2

; fES1 ;S2
Þ is called the alignment graph of the sequences S1 and S2 representing generalized

trees.

The edge types of these graphs reflect computational meanings in terms of transforming S1 to S2.

Definition 4.2. (i � 1, j)! (i, j) equals the deletion of S1[i] in S1, (i, j � 1)! (i, j) equals the insertion of S2[j] in
S1 at the ith position, and (i � 1, j � 1)! (i, j) equals the substitution of S1[i] by S2[j].

Definition 4.3. Let A be an arbitrary alphabet and w1 2 A%. Let I, D, R, M be a sequence of edit operations. I
(insert) denotes the insertion, D (deletion) denotes the deletion, R (replace) denotes the substitution and M
(match) denotes the correspondence. A transformation of w1 into w2 based on these edit operations is called
edit transcript.



Fig. 6. The alignment graph GS1 ;S2
of S1 and S2.
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Definition 4.4. Let A be an arbitrary alphabet and {SijSi 2 A%} be the set of finite sequences of A%. Then,
l : S ! N denotes the function that determines the length of Si 2 S.

In order to state the time complexity of the recursive algorithm defined by Definition 3.1 we need a
theorem of Gusfield [8] that states the relationship between alignments and paths of the associated alignment
graph.

Theorem 4.1. Let S1, S2 2 S be sequences and it holds l(S1) = n, l(S2) = m. The following assertions are

equivalent:

• An edit transcript of S1 and S2 possesses a minimal number of edit operations.

• It corresponds a path in the associated alignment graph from vertex position (0,0) to (n,m) with total minimal

costs.

It follows straightforward

Corollary 4.2. The set of paths with total minimal costs from vertex position (0,0) to (n,m) in the associated

alignment graph specifies the set of optimal edit transcripts of S1 and S2. The set of optimal edit transcripts
describes the set of all optimal alignments from S1 and S2.

Fig. 6 shows the alignment graph GS1;S2
of a simple example. If we set S1 = p � q and S2 = q � p � q the align-

ment is
� p q

q p q
Now, we obtain a theorem which states the computational complexity of the recursive algorithm defined by
Definition 3.1.

Theorem 4.3. Let Ĥ1, Ĥ2 be generalized trees and S1, S2 be the associated vertex sequences, based on V̂ 1, V̂ 2.

The recursive algorithm for computing the optimal alignment between S1 and S2 given by Definition 3.1 possesses

the computational complexity OðjV̂ 1j � jV̂ 2j � Oð1ÞÞ.

Proof. Starting from Definition 3.1 and especially with Eq. (12) we yield that the underlying algorithm needs
time complexity OðjV̂ 1j � jV̂ 2j � Oð1ÞÞ for creating the matrix ðMði; jÞÞij; 0 6 i 6 jV̂ 1j; 0 6 j 6 jV̂ 2j. Further-
more, at each matrix position we compute the cost function a with time complexity Oð1Þ. It follows that
the edit distance MðjV̂ 1j; jV̂ 2jÞ needs complexity OðjV̂ 1j � jV̂ 2j � Oð1ÞÞ. But Corollary 4.2 states that we have also
found the optimal alignment. This completes the proof of the theorem. h
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Finally, we get

Corollary 4.4. The structural similarity between two generalized trees Ĥ1 and Ĥ2 holds the time complexity

OðjV̂ 1j � jV̂ 2j � Oð1ÞÞ.
5. Conclusions

In the present paper we presented an algorithm with polynomial computational complexity to measure the
structural similarity of a new graph class – generalized trees. The procedure to measure the structural similar-
ity of graphs is completely different from known methods. First, we transformed the graphs in linear structures
which contain structural information. Second, we determined the optimal alignment between the linear struc-
tures (out-degree and in-degree sequences on each level) and then we defined a family (di)16i63 of graph sim-
ilarity measures based on the obtained similarity scores (from cout(i), cout(i)).

The efficiency analysis of the underlying algorithm was performed in Section 4. From this analysis, we
found an efficient approach for graph similarity measuring in contrast to classical approaches [12,20,25]
which are NP-complete (see Section 2.5). Compared to known methods to measure the structural similarity
of trees stated in Section 2.2 we found that our algorithm is comparable efficient despite its more general
character.
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